We construct an integrable Hubbard model with impurity site containing spin and charge degrees of freedom. The Bethe ansatz equations for the Hamiltonian are derived and two alternative sets of equations for the thermodynamical properties. For this study, the thermodynamical Bethe ansatz and the quantum transfer matrix approach are used. The latter approach allows for a consistent treatment by use of a finite set of non-linear integral equations. In both cases, TBA and QTM, the contribution of the impurity to the thermodynamical potential is given by integral expressions.
I. INTRODUCTION
The history of the Hubbard model as an exactly solvable model started in 1968 with Lieb and Wu's article [1] . The consistency of the Bethe Ansatz, i.e. absence of multi-particle processes was shown by Essler and Korepin [2, 3] and transparently by the embedding of the Hubbard model into a formulation with commuting transfer matrices by the work of Shastry [4] . Following this, the algebraic Bethe ansatz constructions of the eigenstates were given by Martins [5, 6] .
Lieb and Wu demonstrated that the Bethe ansatz can be used which reduces the eigenvalue problem of the Hamiltonian to solving a set of coupled algebraic equations, which are called Lieb-Wu equations. They calculated the ground state energy and discovered that the Hubbard model undergoes a Mott metal-insulator transition at half filling (on average one electron per site) with critical interaction strength U = 0.
A classification of the solutions of the Lieb-Wu equations in terms of the so-called string hypothesis was given by Takahashi in 1972 [7] . He used this to replace the Lieb-Wu equations by simpler ones that describe the scattering states of bound complexes (strings), and derived the thermodynamic Bethe ansatz (TBA) equations, which determine the Gibbs free energy of the Hubbard model. From the TBA, in the limit of low temperatures, Takahashi calculated the specific heat [8] . Subsequently a rather reliable picture of the thermodynamics of the Hubbard model was derived from numerical solutions of the thermodynamic Bethe ansatz equations [9, 10] . As a matter of fact, Takahashi's equations, in conjunction with the thermodynamic Bethe ansatz equations, can be utilizied to calculate any physical quantity that pertains to the energy spectrum. There are constraints on the quantum numbers in Takahashi's equations which imply particular selection rules that determine the permitted combinations of elementary excitations and hence the physical excitation spectrum [11] . Takahashi's equations can also be used as the starting point for the calculation of the scattering matrix of the elementary excitations. For the half-filled Hubbard model in vanishing magnetic field the S-matrix was calculated [2, 3] . The excitation spectrum at half filling is given by scattering states of four elementary excitations: holon and antiholon with spin 0 and charge ±e and charge neutral spinons with spin up or down, respectively. This is noteworthy, because away from half filling, or at finite magnetic field, the number of elementary excitations is infinite [11] . Furthermore the four particles can only be excited in SO (4) multiplets [2, 3, 12] .
In 1986 Shastry started a novel way for studying the Hubbard model by embedding it into the framework of the quantum inverse scattering method. By use of a JordanWigner transformation he mapped the Hubbard model to a spin model and then showed that the resulting spin Hamiltonian commutes with the row-to-row transfer matrix of a related covering vertex model [13] . In this way, Shastry discovered the R-matrix of the Hubbard model, thus placing it into the general context of integrable models [4] , however with nondifference type spectral parameters. Later, it was exhaustively shown that Shastry's Rmatrix satisfies the Yang-Baxter equation [14] . An algebraic Bethe ansatz for the Hubbard model was developed and expressions for the eigenvalues of the row-to-row transfer matrix of the two-dimensional statistical covering model were calculated [5, 6, 15] . This was of significant importance for the column-to-column transfer matrix (quantum transfer matrix, QTM) approach to the thermodynamics of the Hubbard model [16] . This method grants an extremely simplified description of the thermodynamics in terms of the solution of a finite set of non-linear integral equations, rather than the infinite set, which was derived by Takahashi in 1972 [7] . Thermodynamic quantities can be obtained numerically with very high precision within the QTM approach. Furthermore, the method can be used for the calculation of correlation lengths [12, 17, 18] .
The goal of this paper is the construction and investigation of a Hubbard model with integrable impurity. The motivation for this research is two-fold. First, the procedure of Eckle, Punnoose and Römer [19] by use of commuting transfer matrices with inhomogeneities yields a clear construction principle of interesting quantum chains with impurities. Up to our knowledge, it has not yet been applied to the Hubbard model. This and the derivation of a useful framework for the calculation of the thermodynamical properties of the impurity are the main result of the paper. Second, the Hubbard model with impurity allows for a nontrivial continuum limit with vanishing bulk interaction, but non-zero impurity interaction.
In fact, the (integrable) Anderson impurity model can be understood as a derivative of the (integrable) Hubbard model with impurity. The detailed study of the continuum limit of this Hubbard model has to be presented in a separate publication though.
The paper is organized as follows. In Sect. II we review the Hubbard Hamiltonian, Shastry's R-matrix and introduce the family of commuting transfer matrices with inhomogeneity and derive the Bethe ansatz equations for the Hamiltonian with impurity. Sect. III is devoted to the thermodynamical calculations on the basis of the QTM. In order to make this paper self-contained we review some of the necessary elements of the treatment by finitely many non-linear integral equations. This is necessary for sketching the computation of the leading eigenstate's eigenvalue function for general spectral parameter which has not been done so far. A summary of this work is given in Sect. IV. The appendix contains an alternative treatment to Sect. III by use of TBA.
II. BETHE ANSATZ EQUATIONS OF THE HUBBARD MODEL WITH INTE-GRABLE IMPURITY
First, we review the essential characteristics of the bulk Hamiltonian of the Hubbard model and its exactly solvable classical analogue in two dimensions [12] . The Hubbard model describes lattice electrons on L sites with hopping, on-site Coulomb repulsion U and external fields µ and B:
For our purpose the global Hilbert space can be viewed as a product of local spaces corresponding and indexed by site j and an additional spin label a =↑, ↓. The classical analogue in two dimensions is defined on a double-layer square lattice, consisting of ↑-and ↓-sublattices.
On each sublattice a six-vertex model of free fermion type is defined with R-matrices denoted by r ↑ and r ↓ which are coupled to a non-difference type matrix R(λ, µ) [20] 
where in contrast to [20] , the sign of U has been changed so that the logarithmic derivative of the row-to-row transfer matrix yields the repulsive Hubbard model. This R-matrix satisfies the Yang-Baxter equation as shown in [14] . The R-matrix also satisfies a unitarity condition:
A product of two R-matrices reduces to the identity matrix times a function of the spectral parameters. This function may be dropped by arranging for a suitable normalization factor.
We do not do this, but have to remember this factor when mapping the Hamiltonian at finite temperature to a classical model. We define state vectors by
where |σ ↑ , σ ↓ corresponds to a site occupied by a ↑ (↓) particle / hole if σ ↑ (σ ↓ ) is − / +.
The row-to-row transfer matrix (3) is defined by a product of L many R-matrices with λ (0) for the first (second) argument corresponding to the auxiliary (quantum) space
In dependence on λ, this is a family of commuting transfer matrices which reduces to a shift operator at λ = 0 and its logarithmic derivative is identical to the Hubbard Hamiltonian.
The Bethe ansatz eigenstates for the row-to-row transfer matrix and the Hubbard Hamiltonian (1) for K electrons and M down spins are characterized by two sets of quantum
, 2M ≤ K ≤ L which in general may be complex. They are known as charge and spin rapidities, respectively. They satisfy the Lieb-Wu equations [1] 
Next we study a row-to-row transfer matrix (3) defined on L + 1 sites similar to above with a host of L factors R(λ, 0) and an impurity site with factor R(λ, ν)
where ν is associated with site L + 1 and may take arbitrary real or complex values. By construction, also this t(λ) is a family of commuting transfer matrices. The logarithmic derivative at λ = 0 is a sum of local terms, one site and two site operators for the bulk (1) and a three site impurity interaction.
At this point, we like to comment on the concrete form of the impurity interaction with the host. It is relatively straightforward to derive the following expression
where we indexed the impurity site and the neighbouring ones by l, i, r (left, impurity, right) instead of the above L, L + 1, 1 in the construction of the commuting family of transfer matrices. And h l,r denotes the standard local Hubbard interaction of the sites l, r.
There are various ways of rewriting the impurity Hamiltonian in more explicit terms.
We may do so by use of creation and annihilation operators of electrons on lattice sites.
Another choice is the use of the momentum representation. Our main application (in a later publication) will be the study of a suitable continuum limit leading to the Anderson impurity model. For this application the momentum representation is much more useful.
The computational details however require a separate publication.
The integrable impurity changes the Lieb-Wu equations by the impurity vertex which provides an additional phase factor
where λ j and k j are different parameterizations of the charge momenta: z − (λ j ) = e ik j . Here we have used the functions z ± (λ) and h(λ) which are defined by
The Bethe ansatz equations for the row-to-row transfer matrix of the Hubbard model with impurity are thus
Note that for ν → 0 these equations reduce to the standard Lieb-Wu equations with L → L + 1 as the additional phase factor on the l.h.s. of the first equation turns into e ik j . The eigenvalue of the Hamiltonian of our model is given by
III. DIAGONALIZATION OF THE COLUMN-TO-COLUMN TRANSFER MA-TRIX OF THE HUBBARD MODEL
In this section we will treat the thermodynamical properties by mapping the quantum Hamiltonian in one spatial dimension at finite temperature to a classical model in two dimensions. In the Hamiltonian limit (small λ), the transfer matrix (3) takes the form of an exponential of the Hamiltonian times a translation operator by one lattice site. A certain adjoint version of (3) with rotated vertices enjoys a similar Hamiltonian limit, however with inverse translation operator. Therefore the product of these two transfer matrices for small spectral parameter yield an exponential expression of the Hamiltonian. This is still the case for the transfer matrix with impurity (4) and its adjoint.
The thermodynamical potential of the Hamiltonian with impurity is therefore calculated from the partition function of the classical two-dimensional model illustrated in Fig. 2 . In this section we use the QTM approach and the technique of finitely many non-linear integral equations [12, 16] . We want to calculate the impurity contribution to the thermodynamical potential.
Following [16] we introduce the column-to-column transfer matrix
whereR is closely related to R. The diagonalization of the column-to-column transfer matrix [16] is algebraically very similar to that of the row-to-row case as the column-to-column and The column-to-column transfer matrices for the host (black) and for the impurity (dashed line) commute. The leading joint eigenstate and the corresponding eigenvalues for the host and for the impurity yield the total thermodynamical potential in the thermodynamic limit.
the row-to-row transfer matrices have the same intertwining operator. We use periodic or twisted boundary conditions in Trotter direction, since we allow for an external magnetic field B and a chemical potential µ.
A convenient vacuum is
The vacuum expectation values are given by
with
We parameterize λ, τ in terms of x, w e 2x = tan λ, e 2w = tan τ
and use the functions that appeared already in (6). The vacuum expectation values can be written as [16] 
The eigenvalues of the column-to-column transfer matrix are given by [16] 
In the limit U → 0 we find the free-fermion partition function. We may use the alternative vacuum |Ω = |2, 3, 2, 3, . . . , 2, 3 , for which we find another formula for Λ QTM (λ). This is the same as equation (11) after changing the sign of U and swapping B ←→ µ which can be understood as a partial particle-hole transformation. The solutions of the Bethe ansatz equations of the column-to-column transfer matrix (12) for the leading eigenvalue Λ QTM (λ) have a characteristic temperature dependence. For high temperatures T all z j satisfy Rez j = 0 and |z j | > 1. Lowering the temperature T yields a decrease of the z j and they converge to the origin. For low temperatures T a certain number of the z j 's satisfy |z j | < 1. The w α parameters behave alike on the real axis.
In order to uniformize the Bethe ansatz equations (12) we use the function s (z) (whose inverse is a double valued function with branch cut from −1 to 1)
and express the z j 's in terms of s j parameters. Note that z values satisfying Rez = 0 are mapped onto the same area of the real axis with |s| > 1, regardless wether |z| > 1 or |z| < 1 holds. The above described motion of z j parameters upon lowering the temperature leads to a motion of the s j parameters from the first branch to the second branch. At high temperatures T , all parameters s j lie on the first sheet of the complex plane. At low temperatures T , the parameters s j lie on the first and on the second sheet.
A. Associated auxiliary problem of difference type
We want to reformulate the Bethe ansatz equations (12) of the column-to-column transfer matrix in the limit N → ∞ as a system of non-linear integral equations. First, the Bethe ansatz equations (12) can be written in difference form in the rapidities {s j } m j=1 and {w α } l α=1
where we have defined 
The two branches of the function Φ(s) defined in (16) at the point −s 0 + i
). The point s 0 is defined by z (s 0 ) := z − (w) .
The general expression for the leading eigenvalue Λ QTM (λ) (11) is quite complicated, but simplifies considerably by use of the relations
and by use of the functions
The r.h.s. of (11) can be written as a common factor times the auxiliary function Λ aux for even m and l
Note that on the right-hand side x and s = s (z − (x)) depend on λ via (9) and (13).
The requirement of analyticity of Λ aux (s) yields the equations (14) 
B. Non-linear integral equations
We consider the integral equations equivalent to the nested Bethe ansatz equations for the leading eigenvalue of the column-to-column transfer matrix for U > 0. We use a set of auxiliary functions satisfying a set of closed non-linear integral equations. The following definitions are very useful: . This yields the following expression
where ≡ s indicates that the left and right hand sides have the same singularities on the entire plane and the functions L ± are defined by Cauchy integrals
The contour L in the convolution integrals surrounds the real axis at infinitesimal distance above and below in anticlockwise manner.
Using furthermore the identity
, and the singularities of the functions ln B and lnc − lnC we get
The asymptotic behaviour at infinity is given by
For later use we define the kernel functions
Next we note for convolutions of the kernel k (with pole at 0) and some analytic function f for a contour surrounding ( ) the argument s and for a contour not surrounding (•) it:
For the wide integration contour we use a loop around the real axis consisting of the two horizontal lines Ims = ±α with 0 < α ≤ U 4
and for the narrow contour we use L.
We find the following non-linear integral equations for the auxiliary functions b(s), c(s)
andc(s) in the Trotter limit
. (25) We note that the function b(s) will be calculated on the lines Im s = ±α, especially for α = 
where Σ 1 and Σ 2 will be calculated below.
D. Integral expression in terms of auxiliary functions
The function be calculated. Now we consider Σ 2 and deform the integration contour L 0 as above. Note that the integral of f (s)| 1st branch on part (a 2 ) is equal to the integral of f (s)| 2nd branch along (a 2 ) in reversed sense. Now we join the results for Σ 1 and Σ 2 and obtain We want to rewrite this result in terms of integrals involving the auxiliary functions (25).
To this end we consider
First, we integrate by parts and use that ln g s − i U 2 and ln g(s) show no jump after surrounding the real axis. Therefore the surface terms vanish. Next we use the factorization
2nd branch and the fact that the second fraction of C(s) is analytic along the real axis. According to Cauchy's theorem it vanishes. Furthermore we deform the integration contour L. This yields a contour with three separate parts.
The second contour is equal to the contour L + i each other
Comparing (28) with (30) and using z(s)
+ (x) + 2iz + (x)s has zeroes at
we perform the Trotter limit N → ∞. We drop terms that do not contribute in the limit N → ∞. Furthermore we also have to drop the term 3N ln cos λ because our R-matrix (2) is not normalized as remarked after (2). Instead we haveŘ (λ, 0)Ř (0, λ) = cos 6 λ, which is the term to be dropped. Therefore we find
Note that on the right-hand side x and s = s (z − (x)) depend on λ via (9) and (13) and that g(s) also depends on x (26).
Furthermore note that for λ = 0 the expression for ln Λ QTM (λ) simplifies to the well-known result [16] , which yields the host's contribution to the thermodynamics of our impurity model
The impurity contribution to the total free energy F = L f h + f i is given by
Equations (25) We would like to note that it is possible to find alternative expressions for ln Λ QTM (λ).
These alternative expressions are based on the thermodynamic Bethe ansatz (TBA) and are given in the appendix.
IV. CONCLUSION
We constructed a Hubbard model with integrable impurity and derived the Bethe ansatz equations for the Hamiltonian. The impurity leads to an additional phase factor in the first set of the nested Bethe ansatz equations of the row-to-row transfer matrix resp. the Within the framework of TBA we used the string hypothesis for the new Bethe ansatz equations of the Hamiltonian and followed the traditional procedure [7] . Here, the derivation of the expression for the impurity contribution to the thermodynamical potential was relatively straightforward. The complexity of the infinitely many TBA equations, however, constrains the practical use of this expression.
The derivation of the impurity contribution in terms of the finitely many auxiliary functions that appear in the quantum transfer matrix approach [16] was much more involved.
It filled a substantial part of this paper and constitutes the major result which allows for practical calculations. We are convinced that these results realize a significant extension of the established knowledge of the Hubbard model [12] .
The Hubbard chain with integrable impurity is interesting in its own right. In this presented work, the foundation was laid for the investigation of the finite-temperature behavior by numerically solving the finitely many non-linear integral equations. A truncation like
for the TBA equations presented in the Appendix is not necessary. We can now evaluate the specific heat and entropy numerically. At high temperature T the impurity spin will decouple from the host, but at low temperatures T the impurity spin will be screened. The resulting Kondo physics will depend on the system parameters. Another application of the presented work are chains with more than one impurity site. The behavior of this type of impurities is special, since the scattering of particles on the two impurities at positions j and k does not depend on the difference j − k. This follows obviously from the construction of the commuting family of transfer matrices.
Beyond this, the integrable Hubbard chain with impurity also allows for new studies of the Anderson impurity model. In a future publication we will present a suitable continuum limit of the Hubbard model leading to a non-interacting host that interacts with an impurity with spin and charge degrees of freedom. In this way we will derive a new set of finitely many non-linear integral equations for the celebrated integrable Anderson impurity model.
In this appendix we apply alternatively to the main body of the paper the thermodynamic Bethe ansatz (TBA). For the Hubbard model with impurity site we will see that the nonlinear integral equations [7] as obtained for the pure Hubbard model (1) still hold as well as the integral expression for the host's contribution to the thermodynamical potential.
However, a new integral expression for the impurity's contribution appears.
We use the string hypothesis [7, 12] according to which all finite solutions of {k j } K j=1 and {Λ l } M l=1 of (7) are composed of three different classes of strings
• a single real momentum k j ,
• m Λ's combining into a Λ string,
• 2m k's and m Λ's combining into a k-Λ string.
For large lattices (L 1) and a large number of electrons (K 1), nearly for all strings the imaginary parts of the k's and Λ's are evenly spaced.
Solving the equations (7) is simplified by use of the string hypothesis. For arbitrary values of K electrons and M down spins any solution of (7) is described by a distribution of strings with M n Λ-strings and M n k-Λ strings of length n (n = 1, 2, . . .) and M e single k j 's. The numbers M e , M n and M n are occupation numbers of the string configuration and satisfy the sum rules
2nM n .
where f i is the impurity part of the thermodynamical potential
Equations (37), (38), (41) and (39) completely describe the thermodynamical properties of the Hubbard model with impurity.
